Abstract: In four-dimensional N = 4 super Yang-Mills (SYM) the SU(3) subsector spanned by purely holomorphic fields is isomorphic to the corresponding mixed one spanned by both holomorphic and antiholomorphic fields. This is no longer the case when one considers the marginally deformed N = 4 SYM. The mixed SU(3) sector marginally deformed by a complex parameter β, i.e. SU q (3) with q = e 2iπβ , has been shown to be integrable at one-loop [1], while it is not the case for the corresponding purely holomorphic one. Moreover, the marginally deformed N = 4 SYM also has a gravity dual constructed by Lunin and Maldacena in [2] . However, the mixed SU q (3) sector has not been studied from the supergravity point of view. Hence in this note, for the case of purely imaginary marginal β-deformations, we compute the superstring SU q (3) σ-model in the fast spinning string limit and show that, for rational spinning strings, it reproduces the energy computed via Bethe equations.
Introduction
The AdS 5 /CFT 4 correspondence conjectures a duality between N = 4 SU(N) super Yang-Mills (SYM) in four dimensions and type IIB superstring theory on AdS 5 × S 5 [3] [4] [5] . Since the duality relates weak and strong regimes of the two different theories, it is not provable by pertubative methods alone. The discovery of an infinite number of conserved charges (i.e. integrability) on both sides of the AdS 5 /CFT 4 correspondence [6] [7] [8] [9] [10] [11] 1 has led to much progress both regarding attempts to verify the conjecture and applications. The existence of such symmetries has allowed us to understand various connections between spin chains, AdS superstring theories and gauge theories. Nowadays we therefore have strong evidence that N = 4 SYM is solvable at least in the large N regime. Integrability is an extremely powerful tool for studying and applying of the duality. It would be desirable if it could also be applied to further the progress on less supersymmetric gauge theories, 2 having in mind QCD as a long-term prospect. 3 In this context, one of the most well-studied examples of less supersymmetric theories are the Leigh-Strassler deformed gauge theories [24] . These are marginal deformations of N = 4 SYM. In the N = 1 superspace formulation, the corresponding most general deformed superpotential is given by
where the q-commutator is defined as and q, κ are in general complex parameters. Here, Φ 1 , Φ 2 and Φ 3 are the three complex scalars of SYM spanning the SU(4) sub-sector. In the case we are interested in, i.e. h = 0 and N → ∞, κ is 4 κκ = 2g
where g is the SYM coupling constant. Usually, q is defined in terms of a complex parameter β as q = e 2iπβ , (1.4) thereby the often used terms β-deformations and q-deformations.
5
The marginal deformations of N = 4 SYM preserve the conformal symmetry of the undeformed theory, but they affect the number of supersymmetries. As already mentioned, the study of the deformed AdS 5 /CFT 4 correspondence offers an important testing ground for the gauge/gravity duality with a reduced number of supersymmetries. From the very beginning there have been considerable efforts to understand the gravitational dual of the marginal deformed SYM. In [2] , Lunin and Maldacena constructed such a dual background for any complex q, for h = 0 and 2 We recall that N = 4 SYM in four dimensions is a maximally supersymmetric theory (32 supercharges). The AdS 5 × S 5 background of the dual type IIB superstring theory also preserves 32 supersymmetries.
for κ obeying (1.3) . For the specific case of real β, the gravitational background is obtained by a series of transformations involving T-duality, a shift of an S 5 angle and again a T-duality (TsT transformations). When β is complex, it is necessary to perform additional S-duality transformations.
The integrable structures of the planar N = 4 SYM and of its gravitational dual survive to some extent also in the corresponding marginally deformed theories. This is a highly non-trivial statement since the deformations break some (or even all) supersymmetries, and at the quantum level the original theory and the deformed one are very different. Thus, there is no guarantee that the emerging solvability of N = 4 SYM should be inherited by the deformed SYM.
In this direction, a first step was made in the milestone paper [28] , where it was shown that, at one-loop order, the β-deformed SU(2) theory is integrable for general complex β. In particular, it was shown that the one-loop dilatation operator in the holomorphic two-field sub-sector corresponds to the integrable XXZ-spin chain. For the real β-deformed SU(2) sub-sector, an important comparison between gauge and string theory was made in [29] , where it was shown that the fast spinning string σ-model matched the coherent state action of the gauge theory side.
Outside the SU(2) sub-sector, the paper [28] also discussed the possibility that integrability might survive for a deformed SU(3) sector. In [30] , it was understood that integrability is only preserved for special values of complex q (β ∈ R) when one considers the deformation of the holomorphic SU(3) sector. A further progress was made in [1] : There it has been shown that the deformed SU(3) sub-sector spanned by an anti-holomorphic and two holomorphic fields (or vice versa) is integrable for any value of β. This is the sub-sector we consider in this work, but we restrict ourselves to the case of purely imaginary β.
A generalization of the examples discussed above are the so-called γ i deformations of SYM [31] : Different TsT transformations are performed along the three U(1) ⊂ SU(4) directions of the 5-sphere S 5 . This breaks all the supersymmetries, but nevertheless the authors of [32] proved that the theory is still integrable by matching the fast spinning string σ-model action constructed in this background with the coherent state spin chain Hamiltonian. They also computed the corresponding Bethe equations and for special string configurations they showed that the two spectra obtained in this way agree completely. All the results contained in [32] are valid only when all the three parameters γ i are real. Furthermore, the same paper [32] investigated the extension of the fast spinning string action to the complex β case. However, no comparison could be made there between gauge and string theory, since no Bethe equations were formulated for the SU(3) sector for complex β. 6 For more details, we refer the reader to the recent review [34] and references therein.
Along this line of research, the aim of this work is to continue the study of integrability beyond the SU(2) sub-sector in the marginal deformed AdS 5 /CFT 4 duality. In particular, we restrict to imaginary β and to the SU q (3) sub-sector spanned by one anti-holomorphic and two holomorphic fields. This will be called the mixed sector in the rest of the paper. We derive the string σ-model describing the fast rotating string in this mixed SU q (3) sector of the Leigh-Strassler deformations. Following the same approach 7 as in [32] , this action can be used to calculate the energy corresponding to the rational spinning string solution. Eventually, this is compared to and agrees with the predictions we obtain from the Bethe equations, which were determined in [1] for the mixed and deformed SU q (3) sector.
In order to directly compare string and gauge theory results, one should re-sum all the planar diagrams or, equivalently, consider the full planar S-matrix, which could have a non-trivial phase factor, i.e. the so-called dressing phase [11] . However, at the leading order in λ ′ in the undeformed AdS 5 /CFT 4 and in the marginally deformed AdS 5 /CFT 4 for real values of the parameter β, the dressing factor does not affect the anomalous dimension of infinitely long single-trace operators as well as the spectrum of infinitely long strings. We do expect that a similar situation is true also in the marginally deformed AdS 5 /CFT 4 for imaginary values of β, namely for the case studied in this paper. For this reason, we directly compare strongly and weakly coupled regimes and we adopt the same semi-classical approach as in the early days of integrability. Indeed, the results we find, confirms our intuition in a non trivial way.
In N = 4 SYM there is no difference between the pure holomorphic and the mixed SU(3) sector due to the SO(6) invariance. However, when one marginally deforms SO(6), the holomorphic and the mixed sectors are no longer identical. This difference allows us to compare (for the mixed SU q (3) sector) the energy obtained from the fast spinning string with the one-loop anomalous dimension of the corresponding dual gauge theory operators. In fact, adding a non-holomorphic field to the theory leads to a sub-sector which is integrable and closed up to one-loop, namely the su q (3) sector [1] .
In [37] , the continuum limit for a large class of spin chain Hamiltonians has beeen considered, including the one describing the one-loop dilation operator investigated here. However, the approach of [37] lacks a term which is quadratic in the small deformation parameter. One can understand that such a term should be present from the Bethe equations, as we explain in Section 3. We refer to this missing term as a "cubic" term, since it is the product of the three components of an SU(3) coherent state up to phases (i.e. the three components of the magnetization vector in the spin chain language). One can check that the long wave length Hamiltonian [37] agrees with the spin chain model obtained via the SU(3) coherent states (we review this method in appendix D). Since the spin chain Hamiltonian is not SU(3) invariant, it is not unexpected that this method will not give the complete answer. 8 However, what is a surprise to us is that all the terms quadratic in the deformation parameter, except for the cubic one (ρ ), are present. In this example, supergravity leads us to the correct long wave length limit of the spin chain Hamiltonian.
Outline
In section 2 we develop a general treatment of the fast spinning string action and we apply the formula to the Lunin-Maldacena background with the special choice for the parameters corresponding to the mixed deformed SU q (3) sector. Further, we compare the fast spinning string σ-model in the SU(3) deformed mixed sector with the one corresponding to the deformed holomorphic one. We also discuss the three spin rational solution.
In section 3 we find a solution to the Bethe equations corresponding to the rational spinning string solution. We show that such a solution agrees with the one obtained on the string theory side in section 2.1.
The first appendix A summarizes the notation and the geometrical set-up corresponding to the Lunin-Maldacena background. The second and third appendices, B and C, are devoted to collect the explicit computations which have been omitted in the main text. Finally, in appendix D we consider the coherent sigma model which one obtains using the naive SU(3) coherent states, and we see that it is the same up to a cubic term with the action obtained from the string theory side in section 2.
2 The SU q (3) string σ-model
Preliminaries
In this section we derive the effective action for a string, which is entirely moving in the compact deformed sector S 5 with a total angular momentum J and which is point-like in AdS 5 . In the limit we are considering, the string is extended and J is very large, namely the string is fast spinning in the deformed S 5 . Firstly, we need to identify and gauge away the fast collective coordinate associated to the angular momentum J and then, expand the slow transverse coordinates in powers of an effective parameterλ ≡ λ/J 2 . Notice that both λ and J are very large, but their ratio is fixed, and in particular small. Thus, the resulting low-energy σ-model is only expressed in terms of the transverse string coordinates, which are usually interpreted as the components of a classical spin vector belonging to SU(3) in this case (e.g. the classical magnetization in the Landau-Lifshitz model). For more details cf. [38, 39] .
In order to derive the σ-model action, it is convenient to treat the system in a more general background and follow the approach used in [40] generalized to the case where also an antisymmetric field is included. The procedure is the following. We start from a Polyakov action describing the σ-model action corresponding to a generic background (2.1) including also an antisymmetric field B. The Lagrangian is first T-dualized along a longitudinal coordinate ξ of the deformed sphere S 5 , the Nambu-Goto action is then obtained by eliminating the world sheet metric, and finally, a large J limit is taken.
The general form of the ten-dimensional string background metric is the following
The target space coordinates
. . , 4, and with the coordinates (
C is a one form, i.e. C = C i dx i , and R is the AdS curvature radius. We also demand that the B-field should be of the form
The bosonic string action is
where the world-sheet coordinates σ α = (τ , σ) are labelled by greek indices α, β = 0, 1, the Latin capital letters M, N = 0, . . . , 9 label the curved target space indices, and h αβ , ǫ αβ are the world-sheet metric and the totally 2d antisymmetric tensor respectively. In (2.3) we have also used the AdS 5 /CFT 4 relation among the 't Hooft coupling λ and the radius curvature R, i.e.
For the specific form of the metric (2.1) the Lagrangian is
We omit the dependence of the background fields on the coordinates. The equation of motion for the coordinate ξ is
This relation can be automatically satisfied by definingξ as √ −hh
The negative sign in the above equation (2.6) is chosen for later convenience. Finally, the conserved charge coming from translation invariance along ξ direction is [40] 
From the definition ofξ (2.6) and the expression for the conserved charge (2.7), it follows the relationξ = J σ, which we use later.
T-dualizing. The longitudinal coordinate ξ is redundant (as well as t) and we can integrate it out by a T-duality 9 (i.e. a 2d-duality). This amounts to substitute the generalized momentum ∂ α ξ with an auxiliary field A α and by contemporarily introducing a Lagrange multiplier term, −ǫ αβ A α ∂ βξ , such that the equation of motion (2.5) holds. Thus, the Lagrangian (2.4) becomes
The equation of motion coming from the constraint is 9) which implies that A is defined as
The Lagrangian (2.8) in terms of the expression (2.10) for A α is
The Nambu-Goto action. In order to obtain the Nambu-Goto action we need to eliminate the two dimensional world-sheet metric h αβ according to 12) where g αβ is the embedding world-sheet metric given by
The static gauge. Finally, we gauge-fix the longitudinal coordinate t by choosing the static gauge t = τ , (2.14)
with τ the world-sheet time coordinate. Using (2.14) and the relationξ = J σ, 10 the first contribution to the Lagrangian (2.12), namely the Wess-Zumino (WZ) term, becomes
The second term of (2.12) can be ignored because it does not contribute after the fast spinning string limit has been taken. Finally, the determinant of the embedding metric in the static gauge (2.14) is given by
The fast string expansion. In order to have a consistent expansion in 1/J , we rescale the world-sheet time coordinate, τ → J 2 τ , which implies ∂ 0 → 1/J 2 ∂ 0 . The parameters are related according to
The WZ term of the Lagrangian (2.15) becomes
By expanding the determinant of the embedding metric g αβ (2.16) for large values of J and by assuming that in (2.16) no functions grow faster than J 0 , we obtain det α,β 19) and the terms can be expanded up to second order in a small parameterσ (σ ∼ J −1 ) as
ij . (2.20) 10 The relationξ = J σ ensures that the generalized momentum is uniformly distributed along σ.
Hence, the square root of the determinant is given by
.
(2.21)
Finally, by combining the WZ term (2.18) and the above expression (2.21), the Lagrangian takes the form
(2.22)
By definingL as L ≡
JL
andσ ≡ Jσ , the action is written as
This is the formula which we will use in the next section in order to obtain the fast string action for the mixed sector in the Lunin-Maldacena background.
The Lunin-Maldacena background
In order to fix the notation we recall the Lunin-Maldacena (LM) background for complex β values. Such a background is a non-trivial modification of the metric derived for the real β case, since also S-dualities are involved in its construction [2] . More details are given in appendix A. We use the convention 11 q = e i2πβ and then β = γ − iσ. In this paper we consider only the case whereγ ≡ R 2 γ = 0. For this specific case the Lunin-Maldacena metric [2] (cf. also [29] ) reduces to 25) where the deformation parameter isσ
The B-field forγ = 0 is
In order to consider the mixed SU q (3) sector, a slightly different parameterization has to be chosen with respect to the standard one commonly used in literature, e.g. cf. [29] , namely
The main difference between the mixed SU q (3) sector and the purely holomorphic SU q (3) sector is the orientation of the coordinate φ 2 with respect to the slow parameter ξ. We stress once more that for the non-deformed theory this would not produce any difference. In fact, in section (2.4) we will see that the only difference between the mixed and purely holomorphic SU q (3) sector comes from terms multiplied by the deformation parameterσ, which is obviously absent in the non-deformed SYM.
Let us now apply the formula (2.24) derived in the previous section on the background (2.25) using the parameterization (2.28). The metric components are
Notice that there is an ambiguity in writing the antisymmetric B-field, which can be thought as a gauge choice, in fact dw 1 can be chosen in different ways according to our parametrization (2.28), i.e.
In appendix D, in the coherent state spin chain approach, we will see that the terms corresponding to the different gauge choices of the antisymmetric B-field indeed cancel for a closed spin chain, and they do not affect the physics of the model, as we expected indeed. We choose w 1 to be of the form 
Up to an additional termξ, whose only effect is to make the conservation of the charge J manifest already at this level [42] , this leads to the following action: 
By undoing the rescaling of the time components, namely τ →λτ ≡ 1/J 2 τ , the Lagrangian becomes 
Circular string solution
Following [29, 42, 43] one can search for classical circular string solutions such as
where m and n are integers. The conserved charges
can be identified with J 3 = P ϕ 2 and P ϕ 1 = J 1 − J 2 . By using the following relations
together with the equations of motion, the Hamiltonian (2.36) reads
This can be compared with the resulting Hamiltonian for the holomorphic deformed SU q (3) sector, where there would have been a 9 in front of the last cubic term [32] . Notice that for rational string solutions, the linear terms in the Lagrangian (2.38) do not contribute to the energy.
A comparison with the holomorphic SU q (3) sector
The Lagrangian for the three holomorphic state sector was first derived in [29] .
Here we re-derive it by using the expression (2.24) and our convention for reader's convenience. For the purely holomorphic sector the Lagrangian is 44) which in terms of the following parameterization (2.45) . It is straightforward to see that there are only two differences among the two types of SU q (3) sectors. The first difference comes from the background metric and it is quadratic in the small deformation parameter σ, while the other one is due to the B-field and linear inσ. We read off the functions f (x i ), H(x i ) and G ij (x i ) from the metric
These expressions can be compared with equation (2.29). Up to one-loop order iñ λ, the only difference is in the quadratic contribution inσ of the H(x i ) term, in particular only the coefficient in front of ρ 
where we assume a cyclicity in the indices. With this gauge choice and with the parameterization (2.45), the antisymmetric field is
whereB is defined in (2.2). The first term in equation (2.49) can be compared with the result for the mixed sector (2.32): They only differ by a factor of three, which reflects the fact that we have only one of the three linear deformed terms present in the mixed SU q (3) sector.
Solving Bethe equations
In this section we show that the Bethe equations coming from the one-loop dilatation operator for the mixed SU q (3) sector [1] give the same energy obtained from the fast spinning string action (2.34) for the rational string solution (2.39). The conserved currents J i correspond to the number of fields φ i on the gauge theory side. We are considering operators of the form Tr(φ
3 ). The length of the spin chain is then J = J 1 + J 2 + J 3 . As for the undeformed SU(3) spin chain, there are two sets of Bethe roots {u 1,j }
j=1 . The relations between the roots and the currents J i are the same as in the undeformed SU(3) spin chain case, (cf. for instance [45] ), namely
The set of algebraic Bethe equations for the mixed SU q (3) sector have been derived in [1] . Here, we recollect them for completeness
and we have also set the phase contribution of q to zero, namely γ = 0. The cyclicity constraint is
and the energy is given by
Since we want to compare the Bethe equations with a fast string configuration, we have to consider very long spin chain, i.e. very long operators, which implies taking the limit where J → ∞, σ → 0 and the product σJ =σ is finite. Taking the logarithm of the equations (3.2) and (3.3) and defining x 2,k through tanh µ 2,k = 2i tanh(πσ)Jx 2,k , in the small σ expansion the expressions (3.2)-(3.3) become
In this limit we obtain for the energy 8) and the cyclicity constraint becomes
In particular, the rational three spin configuration corresponds to the solutions where n k = n for all the values k ∈ {1, 2, . . . K 1 } and m k = n for all the values k ∈ {1, 2, . . . K 2 }. This set of equations can be solved using the same technique as it has been done for the undeformed SU(3) case in [45] . For details we refer the reader to Appendix C. Finally, the energy is given by 10) where the normalized spin j i is defined as j i = J i /J. Thus, the circular string energy (2.42) obtained from the string SU q (3) σ-model in section 2.3 agrees with the energy (3.10) computed from the Bethe equations (3.2) and (3.3). In particular, this confirms the presence of the so-called "cubic term": The contributionσ 2 j 1 j 2 j 3 in (3.10).
the energy from the SU q (3) σ-model, and compared with the solutions predicted by the deformed Bethe equations at strong coupling. We have found perfect agreement between the two expressions. It is also clear from our approach that an extra cubic term is necessary in the coherent state Hamiltonian (D.4).
The initial SU(3) symmetry is broken in the deformed theory. Indeed, the symmetries are now encoded in the su q (3) quantum algebra. Therefore, instead of (D.1), a different basis that respects su q (3) should be chosen for the coherent states. Thus, in this perspective it is not surprising that the more naive derivation of the coherent state Hamiltonian misses a contribution at the quadratic order in the deformation parameterσ. Notice that in [32] , this problem was solved by performing a nonunitary transformation on the spin-chain Hamiltonian in order to obtain the correct σ-model. In principle, it should be possible to apply the same technique in our case. But finding the proper transformation is difficult in the general case. In order to determine the continuum limit of the spin chain Hamiltonian, more knowledge about the corresponding supergravity background would be helpful. Such continuum regimes of discrete spin chain models play an important role not only in string theory, in the context of AdS/CFT duality, but also in numerous other contexts, e.g. in condensed matter physics and in statistical mechanics. Coherent states have been constructed for SU(2) q [46] and also SU(3) q [47, 48] quantum groups. However, they are not all equivalent and it is not clear how to obtain a continuum limit action from them.
In [44] it was found that the one-loop dilatation operator for the holomorphic Leigh-Strassler deformed SU(3) spin chain with simultaneously non-zero deformation parameters q and h, cf. (1.1), has an su q,h (3) Hopf symmetry algebra, which is not of a quasi-triangular type. For this case, with non-zero h and q, the string dual remains unknown, even though a perturbative method was developed in [49] , where the gravity dual was constructed up to third order in the parameter h. A general procedure for deriving continuum limits of discrete models with a given quantum group symmetry might help in order to make an educated guess to determine the string σ-model for Leigh-Strassler deformations with general parameters q and h.
Another natural and interesting direction would be the construction of a Lax pair for the string SU q (3) σ-model analyzed in this letter. In this case we have a set of Bethe equations, and we expect that a Lax pair for the corresponding σ-model exists. This should give rise to the same Bethe equations in the thermodynamic limit at strong coupling. Finally, it would be interesting to investigate the mixed SU q (3) sector in the case of real β.
numerous and helpful discussions but also for a careful reading of the manuscript. We are also grateful to T. M. Sørensen for reading parts of the manuscript. The work of T. Månsson was financed by the Swedish Science Research Council.
A Geometrical set-up
Here we collect some useful expressions about the Lunin-Maldacena geometry, mostly for completeness and for setting down the notation. The Lunin-Maldacena metric for the deformed AdS 5 × S 5 is
where
The deformation parameter isβ
The B-field is defined by
Notice that actually w 1 is defined only up to a constant, explicitly
Our choice for w 1 in (A.5) reduces to (A.6) once one inserts the parameterization (2.28), which is the one adopted in the whole paper.
Our set-up. We are investigating the case when the deformation is purely imaginary, namely for usγ
Parameters. We recall also the relations among the string tension and the 't Hooft coupling constant λ due to the AdS 5 /CFT 4 correspondence, as well as our convention in setting α ′ = 1, i.e.
In this section we report a more detailed derivation of the SU q (3) string σ-model. In particular, in the appendix we follow the approach used in [29, 32, 40] for the SU β (2) sector. The classical string configuration we are describing is a string moving at the center of AdS 5 and in the SU(3) q sub-sector of S 5 .
The Lagrangian
where γ αβ = √ −hh αβ , Greek letters α, β = 0, 1 label the world-sheet indices, Latin capital letters M, N = 0, . . . , 9 label the curved target space indices. For a string moving on t ∈ AdS 5 and on SU(3) ⊂ SU(4) the relevant terms in the initial metric (A.1) are
The parameterization suitable to describe the mixed SU q (3) sector is in (2.28). By using (2.28) the Lagrangian in (B.1) becomes
3)
T-dualizing
In order to T-dualize along the coordinate α, one substitutes the term ∂ α ξ with an auxiliary field A α and adds the Lagrange multiplier term −ǫ αβ A α ∂ βξ . Then one needs to solve the equations of motion for A α , the solution in this case reads
where D is defined as
By substituting back the expression for A α (B.5) into the Lagrangian, one obtains the final T-dual Lagrangian, which is the Lagrangian that we will use for imposing the static gauge and expand in the fast string coordinates. Thus, the T-dual Lagrangian isL kin = − 
Static gauge and fast string expansion
We impose the static gauge according to (2.14) . For the kinetic term it is convenient to use the Nambu-Goto action 9) where g αβ is the induced metric on the world-sheet, i.e. g αβ = ∂ α X M ∂ β X N G M N . In order to consider the fast limit one needs to rescale the time derivatives through the effective parameterλ = λ J 2 τ → 1 λ τ , ∂ 0 →λ∂ 0 ,σ → λσ ,β λ = fixed , forλ → 0 , (B.10) and then consider the smallλ limit, i.e.λ ≡ λ J 2 ≡ 1 J 2 → 0. Notice that it is necessary to keep the deformation parameters fixed under the fast string expansion (and it is in general true also for the real part ofβ, i.e.γ) in order to have a consistent theory. Hence, after imposing the gauge (2.14), the rescaling (B.10), and taking the limit λ → 0, the result for the Lagrangian at the leading order inλ is 
C Solving the Bethe equations: details
In this appendix we report the details for solving the Bethe equations. For reader's convenience, we rewrite the equations by using X := sinh((µ 2,k − µ 2,l ) − 2πσ) sinh((µ 2,k − µ 2,l ) + 2πσ) = tanh µ 2,k − tanh µ 2,l − tanh 2πσ(1 − tanh µ 2,k tanh µ 2,l ) tanh µ 2,k − tanh µ 2,l + tanh 2πσ(1 − tanh µ 2,k tanh µ 2,l ) = x 2,k − x 2,l + i tanh 2πσ J tanh πσ
(1 + 4 tanh 2 (πσ)J 2 x 2,k x 2,l )
where x 2,k is defined through tanh µ 2,k = 2i tanh(πσ)Jx 2,k . Expanding the logarithm of X in small σ and large J and settingσ = σJ finite, we obtain log X = i2 J 1 + (2πσJ) 2 x 2,k x 2,l x 2,k − x 2,l . (C.2)
Now we take the logarithm and repeat the same expansion with the equations (3.2), (3.3) and (3.5). Thus, in this limit the energy reads
